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In this paper, some mixed boundary value problems
for spherically isotroplc elastic medium are discussed.
General solutions to these problems are obtained in terms
of infinite serilies. Mixed boundary values on the surface
give rise to triple series equations. They are solved

by reducing to a single Fredholm integral equation.
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INTROCDUCTION

The boundary value problems for aelotropic media
have been considered by many investigators in the
past[1l,2]*. 1Interests have been focused on spherically
isotropic materials. For such materials the physical
properties are transversely isotroplc about the radius
vector. Recently Chen[3] solved some problems concerning
spherically isotropic elastic medium bounded by two
concentric spherical surfaces. His considerations
were particularly centered on several axi-symmetric
problems such as a concentrated force in an infinite
medium, the stress concentration due to spherical
cavity and a steadlly rotating shell. In his paper
only one type of boundary value problems wherein stress
components are prescribed on the boundary has been dealt
with. The results are based essentially on the solutions
similar to those obtained by Hu[4] who has shown that
the general solutions to the equilibrium equations may
be expressed in terms of spherical harmonics.

In this report an attempt is made to investigate
general mixed boundary value problems for a spherically
isotropic elastic medium bounded by spherical surfaces.
For these types of problems a set of triple infinite
series equations 1s generally involved and may be
reduced to a double series equations as special cases.

A considerable amount.of effort has been given 1n solving
these equations by Collins([5] and others[6]. Results
have also been applied to the study of boundary value
problems. The purpose of this investigation i1s to show

*Numbers in the square brackets refer to references at
the end.




that certain equilibrium problems with prescribed
boundary displacements and stresses give rise to the
triple series equations which can be solved as a single

Fredholm integral equation.




EQUILIBRIUM PROBLEM

The fundamental system of field equations in
elasticity consists of the linearized strain-displace-
ment relations, stress-strain relations and equilibrium
equations together with the proper boundary conditions.
Using spherical coordinate system ({;Q,¢ ) the stress-
strain relations for a spherically isotropic and homo-
geneous medium, symmetric about the radius vector, may
be given as follows:

Too = i €oo + G2 Egp + Ci3 €y

By = Cpa Cgp + Gy Eop + Cj3 Cpp

Ur = C3 € + Cp; Epd + C33 Gy

Jo = Caa Ere

I = Gua Srd

Og¢ = j%—(cﬁ — Cy2) Cog (1)

where the € quantities represent the strains 1in spherical
coordinates and the elasticity coefficients are shown

as the various C quantities. The strain-displacement

and equilibrium equations in spherical ccordinates may

be found in [2]. We express the displacements (L4i)¢ét,a@
along the (F 6 ¢) directions in terms of the potential

B

functions @, (/ 6 ¢) and é?,,(/;@qs) as

2

Uy = 7 ra§57 s ;§' 7 ﬁbé%
‘n=o F 26 N=1 rsiné 9¢
. =T °E, 5 1 24
N=o ar




ol oB o M U0 Oh G o) O o ) G o0 e G BN a0 i aw

-5
and assume that
2+2
E = r72 N (g¢)
_ An+_7
4, = r7F e (2)

where \g (8,4 ) is a surface harmonic of order /). As
shown in [3] the equilibrium equations in the absence
of body forces are then satisfied by_i% and ézq if

4 2
% —2a, Y, + b, =0 (4)
where
2 2
ap = —+ { NCN+1) [C44 + G Cas — (G3+Cyy) ]
2C33C44 ;
_+_2_ C33 C44 -+ C33 (2 C44-’LCI2_CH)
1
= e[ [ o)+ 206 vcia- a5
33C4q4
[CH N{N=+1) +2044+ G- ¢y ”'21‘; Csjj

2
—N(N+1) [ 2C,, +Cp, + Gy, - 31-(93*(:44)] )

Equation (4) has four roots 25, (¢ = 7,234 ). For
convenience, they are assumed to be distinct and real.
Similarly Zn has two values ﬂn[({dz-GQ) which satisfies
2
2Cyq
(8)

One important result from the above equations is that

for large 77 equation (4) becomes

U 15 -
g Gs Y 7 [@3(2644+G3)‘C;/C33J’7‘7/ + G Gq? =0
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and (6) becomes

2 -
)n _ G — G2 Nz =0 (8)
2 Cyyq

Therefore from (7) and (8) we can expect that 24 and
,3n are proportional to 7

Without losing generalifty, let us specialize to the
problems with prescribed boundary conditions symmetrical
with respect to the Z -axis. As a consequence the surface
harmonic % (8, ¢ ) in (3) becomes a Legendre polynomial
fo(cosb). Using the notation

g == COS@ . %J(g) = _C/ﬁ(_i (9)
dz

the displacement components can be expressed as:

> e 1 ,
“ nZ—4 %:1 Ani r - i (E)
== = )n'-—1 2
“ = /7%7 1 Lo T A 5 ()
— 2
b= 2,2, P A 7TF Ry 0
where
oo Gy N(N+1) +2Cqy + G — Gy Coy (y,j_%lt)
( =

(Ci3+ Cag ) % —Z/) + 26y + G+ 2

({=7 23 2) (11)
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The stress components are expressible as follows:
4,
Ur:r - Z Z Ani {633 Kni (Um' - j;_)—F C3 [2 Kn,'_— H(H—H)J}X
Un, _3
rt 2 B

Ani {(Cn +Cy2) [2 i - n(””ﬂg
T+ 2Gs (Ui ‘jz)”m} FR B

oy L3
01;9_ %95 = ‘nZ:O oy Am’ (Cy—C,) - S
X[/?(nw) 5(8)-2 f1-5> é?(g)]

= 254 A 3 %6L‘f§ = 4
e = —n§1 C, e ini [K’?l H/’?"‘f] d 5 IR ()
=Y < ) ._% > )
T= 2 2 GuOnD) G s e Bl
o _F P 2 5
Gp = /%7 4‘:7-6% B, r” 2[25//?(5)7‘- /7(/7+7)/,?/§)]
(12)

where :an(and éiq[ are constants to be determined from
the boundary conditions. Equations (10) and (12) are
general exXpressions, good for any domain.

Now let us consider a general boundary value problem
for a solid sphere (0 £/ < R) with the prescribed boundary

conditions on r= AR surface as:

U (R 6 ¢) = (o) (0<6<6, , g<o<7T)
T (Rep = Fe (6 < 6<6,)
Uy, (R 6 ¢) = o (0o <6=<77) (13)




4 IRk . PRI = T —
Por mplicity et us assume that UrCP :UBLP = O (O__éfj‘ 5"*”/,)

and (g(év and j[(Q) are sufficiently smooth functions of
H. Then since the solution is required to be bounded
everywhere in the region O0< /=, we choose those ’4n[
and fﬂn‘corresponding to terms which involve negative
exponents of |V, to be zero. We assume also that these
terms are given by . [:»3,4-j11 Y and L=21in )%[

then set A3 = Apy = Bpz=0- Substituting (10) and
(12) into (13) we obtain

8/77 = b5y, = ’4/)3 = ’4/74 =0
and

_ Ky + Uy — S
Ay = - il - A/)y (14)

Finally we obtain with some algebraic manipulations,

=0 (12& > )
nZ_O (n+F) An R(E = 2(6)  (s552-1)
%0 (1+H,) An Q/Z):f(g) (et >% >5) (15)
where
Cos 6, = o | cos g, = 8
A %57“:% %ﬁz‘:g 3
An _ 2 Ay [//(n R " //(/72 = //rn-7+Vn7“Z
Coer LT T
%67“51
]+ H, = _ 2041 {/f [6‘33 Foalthm 1) + G5 [2 Py - nm#)ﬂ
2
%2‘23 717 *7/51"5‘1
B N Y R chasca+
Fpa+ 2hs = jiJ
2 ~~— ﬂnl‘iz 3 —1
X(/w;7 v 7 - //Yf)g_ /1/,77_/—%7 = ] (18)
- /’f/))_ ‘*yn) -g'




and

for=f@ bm (14H.) | gm)= Fo
Here it can be shown easily through the use of (7), (8)
and (11) that for large 0, F4ﬁ*O(~%). The system of
equations (15) constitutes triple series equations and
have been investigated in details by Collins{5]. Follow-
ing [5] the solution to (15) can be obtained and shown
to exist if Fﬂ;»O(-%J for large N . Unfortunately the
final form of the solution is quite complicated and
evaluation may be very much involved. However, following
the approach of [6] the solution to (15) can be obtained
conveniently 1In the form of a single Fredholm integral

equation and thus simplify the solution. To do this,
let us define a function /4(57 such that

fE) = 2 (ned) AnfplE) (g9

(17)
Multiply both sides of (17) by %27(5) and integrate
over (-7, 7 ) with the help of the orthogonality conditions
of Legendre polynomials we get

S K
An= | g0 R ds + | pie) Rieds 4 [ g Brori

> /0 -7

(18)
The use of Mehler - Dirichlet formula
g 7
P(r) = =2 cos[(rw;)xjc/x
D(r) = 2
z [2 cosx— ocoso
results in a useful relation as follows:
7-77% 7 o
-7 _ - Rx)dx
cos [ (nsd)cos!y] =~ =2 d [ _BEOr

2 C/T')’ [>x -7
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Now multiply both sides of the second egquation of (15)

by (x=¥ ) "2 and integrate over (7;1 ). Then through
the use of (19) we obtain

= 1 _

2 (14 Hn) An cos[(nsd)cos!s] = - [1=37 fiede (20)

N=0 5 2 /a_
<o(>7r>.,@)

Substituting for /xr;the values shown in (18) and using

a well known relation

oo 1 (r>E)

2 R(z)cos[(ns Lycos 'y] = 120-%)

N=o L 0 <Y<€) (21)
we can reduce (20) to the following form:

ol
9(8) d% ple) de M, ,
-1 V2 (v-g) N 5 Y2(r-¢) %; cos (Nl ) ces X

« y % C/
{g /u(g) R(t) c/§ —+ (o/ +/7) 9(&) @(g)o/g}: j/ Yy C/Ci JJ—;%E

(22)

This is an Abel type singular integral equation and can
be inverted to determine /J(g) to give

&
() —__1 d \§(7‘2) (x) c/x
r/° x) /- i
() dx / (XJ XY
+/f? Voo

4 (/4/ ﬁiﬁ/— \j;[q;):))?()j aér} (23)
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SOye)= 2 2 Hn R(E) eos [(n+) cosr] (24)

If we denote

/ {
G(v) = J-__iﬁﬁfjti —+ 1-77* d \g '{Cﬁ)dx
Ay v-x d =
4 s v w/1/ Y
4 ( f N f) S(nx) g0 dx  (25)
o -1

Then (23) becomes

g Y
_ o dr
H(E) = _77 _C/?ﬁ/ == /ZS(EU/U()’)/)’]

(26)

This is a Fredholm integral equation of the second kind
and can be solved easily. It can be readily shown that
the kernel 5(762’) is regular if Hn—vO( %) and the
eqguation has a unique solution. Knowing (E) it is a
matter of simple computation of ,4,7and all the required
quantities.

The equation (23) or (26) can further be simplified
if some more information about the values of & and &,
is known. For 1nstance, if é)—+é9 7/ then aL./d and

Glv) — fg(a) JE, L1 f[Z’)c/};
r—@ L[

+ // [S(x8) 9(&) + S(vré‘)ﬁ(—ﬁﬁa/f
~7
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13
HE) = -

F
31T j‘5£ /_g_LY [GCT) -_}Z S(Y,X)}J(x)dx}

p " /?
An = 51 [965)+<-1) 9(—@] R(z) dg —(—0”} H(E) R (g)dg

(27)
also

SCYJ—g): 2nZ (—1)“1%(5) cos[ (n+1)cas'¥]
=0

In addition, if ?(g)is an even function 1i.e,. %(g) = 9(—@)
then the last term in G(Y) will have only even terms and
thus (27) reduces to the following set of equations:

F
G’(T): 1
:L ?(E)[ = + Sl(T)EJ] d¥,

1
-2 d {(x) dg,
- dy - JE-Y

2 p
( = _ 1 d C)X —
H(E) _Tﬁé = [G(x) j NERIVOEN]
P f
A= 2] 9(5) B,(8) dg, - 2 J p(e) B, (2) dg,
-1 o (o8)
and A =0

2N -+

were  5(%%) = S(x,g) +S(v,-1)

If 9(};) is an odd function, 9(£> = — %(—L), then we

will get equations similar to (28) for A2n+4’ It can
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be seen that ’A:)_nzo and 51()’Jg) is to be replaced by
S,(7, ¢ ) defined as

S (v,g) = S(t)- SO,-%) (29)

Furthermore, let us now consider &, =0. Then o=1
and the system of triple series equations reduces to a
dual series system. The solution to these equations can
be obtained by substituting X =7 in (25) and (28) as
a special case.

If, instead of (13), the boundary conditions are
prescribed on r=FKfor the shear components as the following:

Uy(R, O) = g(6) (0<6<6,, 6,<8<7)
Uo (R,©) = ™(o) (6, <6 <6,)
and G, (R,0) = 0 (o< <T1)  (30)

where ?(9) and 77 () are sufficiently smooth functions
of & .
For simplicity, we consider also that

Yo = G =0 (0<6<TT)
Substituting (10) and (12) into (30) we obtain,

s [2 Kn3 “’7(/7+7)]+ Gos LT (s = —27‘) .
Al’?4 = \/73

C/\)’ [2 //(,74'—/7(/7—/-7)]‘7“ ng KM(Nn4—-§)

8/,77 = 5,72_ = O
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ke seen that Azn:o and 51(7[ g) is to be replaced by
S,(7, € ) defined as

S, (v,2) = S(vE)- SG,-F) (29)

Furthermore, let us now consider &, =O0. Then =1
and the system of triple series equations reduces to a
dual series system. The solution to these equations can
be obtained by substituting X =7 in (25) and (28) as
a speclal case,

If, instead of (13), the boundary conditions are
prescribed on =K for the shear components as the following:

U (R 6) = G(o) (0<6<6,,; 4,<8<77)
O}—@(Rj@) = M™M{(6e) (6 <6 <Qz)
and U,;r(RJ@):O <O$9_<_TT) (30)

where g(e) and 7 (6) are sufficiently smooth functions
of & .
For simplicity, we consider also that

Yo = Gy = © (0<6<1T)
Substituting (10) and (12) into (30) we obtain,

, C}O, [2 /’Tn3 -nin+ 7)]+ %3 //rnj (2//73 - 'ZZ)
A, = Ans

C/\g [_2 /’(,/)4—/7(/7—/‘7)]_/’ ng Km(yn4—51—_)

Bni = Bpa =0
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f Z%_ Uni“% ] 55(9) (

R A - 0£6<86,)
N=1 (=1 nt {%’(2) ,\/TE)_ (€Z<¢9<7/"/)

=0

=

= V I ‘j‘ 3 S
C 4y -3 nto= _ M) (=

Integrating both sides of the last two equations with
respect to ‘g we can write after some algebraic manipu-
lations

= (12F >o)
Z: (n+ 2 ) A, = 9(2) (p>5=-1)

2 (1+ gn) /Z\n R(E) = mce) (0(>z>/3)

r\:
(32)

In the above equations,

(
2(x) A + 4
X
mx) J)/ (6)9E m, (E= cosb) (33)
VANEER g

where Jl = UW“% 1+ F%). 9 and M, are arbitrary
N—soc °

constants and must be chosen consistently. One of the

constants can be chosen to be zero since otherwise it

contributes only to the rigid displacement and does not

influence the stress system. The other constant can be

chosen such that the dlsplacement lJ on the surface is

continuous. Here F#)ls O ( ) for large 1 and is




- 15 -

defined as

&y

-_— v —
— _2n+1 ez
1 F = 2 [R Cas (Knz+Vn;-2) Aps

Una—2
+ Ca R T (e + Uy - 2) AW‘?'\IX

R A+ R 754

and

~ Vps~ 5 Vg~ %
A, = 2 [R A, + R AMJ (50)

2N 41

Equations in (32) are similar to (15) and can be solved
easily as before.

A simple but important problem when only OFr and
G}e are prescribed on the surface can be considered
again as a special case of (13) and (30). The solution
in this case is directly obtained i1f the prescribed
Stresses are expanded in terms of Legendre polynomials.
In this way, we obtain a system of simple algebraic
equations for the unknown constants /qrﬂ which can be
readily solved.

So far we have discussed the mixed boundary value
problems for a solid sphere (0<£r=<R ). 1In the case of
infinite medium with spherical cavity (R £ I <o0) the
same procedﬁre can be followed with the only difference
that we choose /§n1, /qnz: rather than /qns: /\n4, and
Zinz to be zero. This corresponds to assuming the
solutions &, in (3) such that 557 goes to zero as f—=oo |

The problem ultimately reduces to solving a triple series
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equations similar to (15) or (32). Again the soclution
may be obtalned in terms of Fredholm integral equation

of the second kind without any difficulty.
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